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Abstract
The nonlinear propagation of very high-amplitude surface acoustic wave (SAW) pulses in polycrystalline aluminum and
copper was studied. A nonlinear compression and an increase of the SAW pulse amplitude have been observed. SAW pulses
were numerically simulated with a nonlinear evolution equation including local and nonlocal nonlinear terms.  2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction
The propagation velocity of high-amplitude acoustic waves depends on the particle velocity of the
medium participating in the wave motion. This dependence leads to a nonlinear distortion of the wave profile. For plane bulk waves the evolution of the wave
form is described by Burgers equation including one
nonlinear term [1] proportional to a nonlinear acoustic
constant. In this Letter we consider nonlinear behavior of Rayleigh surface acoustic waves (SAWs) in an
isotropic solid. These waves propagate along a free
boundary and are localized near the surface decaying inside the solid over a depth of about one wavelength. Nonlinear properties of SAWs gained recently
interest in acoustoelectronic applications and seismology [2]. SAWs have two components: one corresponds
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to a shear wave with polarization normal to the surface and to the propagation direction (normal component); the other one corresponds to a longitudinal wave
and displacements in it are parallel to the unperturbed
surface (in-plane component). These two components
are connected through boundary conditions and related nonlocally by a Hilbert transform operator. It is
noted that Rayleigh SAWs possess no dispersion and
therefore efficient interaction of all spectral harmonics takes place during their propagation. The nonlinearity of the medium causes changes in the waveform
of one component which depend also on the nonlinear interaction with the other component. As a result,
for the description of the SAW nonlinearity, besides
the usual local nonlinear term encountered in Burgers equation, also nonlocal terms should be taken into
account [3–5]. In order to describe the nonlinear propagation of a SAW in an isotropic solid three nonlinear
acoustic constants must be introduced [5]: one constant of the local nonlinearity and two constants of
the nonlocal nonlinearity. The explicit expressions for
these constants [6] reveal that two of them depend on

0375-9601/01/$ – see front matter  2001 Elsevier Science B.V. All rights reserved.
PII: S 0 3 7 5 - 9 6 0 1 ( 0 0 ) 0 0 8 4 8 - 3

158

A.A. Kolomenskii, H.A. Schuessler / Physics Letters A 280 (2001) 157–161

the nonlinear elastic moduli of the third order, which
describe the nonlinear behavior of the material. One
constant of the nonlocal nonlinearity depends only on
the elastic moduli of the second order. Thus, measurements of the nonlinear propagation of SAWs and
the determination of nonlinear acoustic constants can
provide two relationships for the determination of the
third-order elastic moduli and characterization of the
nonlinear elastic properties of the solid.
Recently, it was experimentally demonstrated [7,8]
that SAW pulses propagating in fused quartz (Herasil)
experience nonlinear extension and two shock fronts
can be formed in the in-plane surface velocity of
a SAW pulse corresponding to two sharp peaks in the
normal surface velocity. Here we report a qualitatively
different nonlinear behavior observed in polycrystalline aluminum and copper. In these materials a compression of the central part of the pulse takes place. By
comparing our results with calculations based on the
nonlinear evolution equation [5,7] we show that the
observed compression or extension of the SAW pulse
depends on the sign of the nonlinear acoustic constant
determining the action of the local nonlinearity.

2. Experimental setup
The SAW pulses were excited by nanosecond pulses
of a Nd:YAG laser with a pulse duration 26 ns and
energy 100 mJ. The excitation region was covered
with a layer of aqueous carbon suspension of thickness d ∼ 50 µm. This layer had a high absorption
coefficient (∼300 cm−1 ) and provided efficient conversion of the energy of the laser pulse into the energy of elastic stresses and the SAW wave motion.
To additionally enhance the pressure acting onto the
surface of the sample a glass plate with a thickness
of 3 mm was placed on top of the absorption layer.
This plate confined the overheated medium allowing
a significant increase of the mechanical stresses created in the interaction region, which consequently resulted in much higher amplitudes of the excited SAW
pulses. The laser radiation was sharply focused onto
the surface of the specimen in a strip of ∼8 mm long
and ∼10 µm wide near the edge of the absorption
layer covered with the glass plate. This was necessary
to produce a high-amplitude short SAW pulse and to

avoid its strong absorption during propagation under
the plate.
A SAW pulse propagated perpendicular to the excitation strip and was detected at two spots along the
track by a probe-beam deflection setup with nanosecond resolution. The setup was calibrated for each measurement, so that the registered signal allowed to determine both the temporal shape and the amplitude of
the normal surface velocity. The distance between the
source and the spots could be adjusted. Each measurement was performed with a single laser pulse.

3. Theoretical model
An estimate of the pressure produced on the surface with the laser fluence of F ∼ 100 J/cm2 used
in our experiments gives p = GF /d ∼ 2 GPa, where
G ∼ 0.1 is the Grueneisen parameter for water. According to the theoretical treatment [9] such highamplitude transient pressure pulses produce SAW
pulses with an acoustic Mach number of M ∼ 0.01 in
agreement with our experimental results presented below.
For theoretical description of the SAW pulse propagation we used the nonlinear evolution equation [5]
derived under the assumption that the temporal and
spatial changes of the SAW waveform are small on
the scale of the pulse duration and characteristic wavelength. The equation for the in-plane surface velocity
component ν of the SAW pulse propagating along the
x-axis in an isotropic solid can be presented in the
form
∂ 2ν
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where τ = t − x/cR is the retarded time and cR is the
propagation velocity of the Rayleigh SAW. It is assumed that the solid is infinitely thick and occupies
a half-space z  0. The expression on the left-hand
side of the equation is known from the theory of nonlinear bulk acoustic waves as Burgers operator [10]. It
takes into account the local nonlinearity proportional
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to ε1 and attenuation proportional to the coefficient δ.
The two terms on the right-hand side are proportional
to the nonlinear acoustic constants ε2 , ε3 and are nonlocal since they contain the integral Hilbert transform
+∞
operator H [ν] = π −1 P V −∞ ν(τ )(τ − τ )−1 dτ .
The nonlocal terms describe the interaction of the inplane ν and the normal νn components of the surface
velocity. These components are related through the
expressions νn = γ −1 H [ν] and ν = −γ H [νn ], where
γ is a dimensionless combination of the bulk and surface acoustic velocities of the solid [9].

4. Results and discussion
(a)
In Fig. 1(a) the waveforms of the normal surface
velocity detected in aluminum at two distances x 1 =
13.8 mm and x 2 = 26.4 mm are shown. The corresponding in-plane components were calculated for
each waveform using Hilbert transform and are presented in Fig. 1(b). At a smaller distance the FWHM
duration of the central negative peak of the normal
surface velocity is τ1 = 50 ns and at the larger distance it is τ2 = 22 ns. The amplitudes of the surface velocity and the acoustic Mach numbers are ν1 =
10 m/s, M1 = ν1 /cR = 3.4 × 10−3 , νn1 = 24 m/s,
Mn1 = νn1 /cR = 8.2 × 10−3 and ν2 = 15 m/s, M2 =
ν2 /cR = 5.2 × 10−3 , νn2 = 38 m/s, Mn2 = νn2 /cR =
1.3 × 10−2 , respectively. Thus, the central part of the
pulse experiences a nonlinear compression in the propagation process.
In Fig. 2 the results of numerical simulations are
presented. It is assumed in the calculation that the initial pulse shape is provided by the waveform at the
first distance and the waveform at the second distance
is calculated with the evolution equation (1). The values of the nonlinear acoustic parameters ε1 = 0.88,
ε2 = −1.0, ε3 = 4.0 are calculated from the thirdorder nonlinear elastic moduli [11] according to explicit formulas for these parameters [6]. The attenuation constant δ ∼ 2.4 × 10−16 s2 /cm and SAW velocity cR = 2910 m/s are determined from measurements of low-amplitude pulses at two propagation distances; γ = 1.58 is used in numerical simulations for
polycrystalline aluminum. Eq. (1) approximates attenuation by a quadratic frequency dependence, which is
reasonable for polycrystalline metals in the frequency
range of interest from 2 to 100 MHz [12]. The solid

(b)
Fig. 1. Waveforms of giant SAW pulses observed in aluminum
at two propagation distances x1 = 13.8 mm (dashed lines) and
x2 = 26.4 mm (solid lines) showing the nonlinear evolution of
the pulse shape: (a) normal surface velocity, (b) in-plane surface
velocity.

lines in Figs. 2(a) and (b) show the normal and inplane surface velocities in the SAW pulse calculated
with the evolution equation (1) when all three parameters ε1,2,3 are taken into account. For convenience of
comparison the experimentally determined waveforms
at the second distance are shown by crosses.
It should be noted that the solutions of Eq. (1) and
their features distinguishing them from those of the
Burgers equation are not well studied so far. The solutions of Burgers equation (left-hand side of Eq. (1),
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(a)

(b)
Fig. 2. Calculated waveforms of SAW pulses: (a) normal surface
velocity, (b) in-plane surface velocity. Solid lines were calculated
with both local and nonlocal nonlinearities taken into account
(ε1 = 0.88, ε2 = −1.0, ε3 = 4.0); the dashed lines were obtained
with the local nonlinearity only (ε1 = 0.88, ε2 = 0, ε3 = 0). For
convenience of comparison experimentally determined waveforms
are shown by crosses.

when only local nonlinearity is taken into account, i.e.,
ε2 = ε3 = 0) are shown for comparison in Figs. 2(a)
and (b) by dashed lines. The substantial difference of
the solutions in these two cases demonstrates that the
nonlocal terms are rather important for quantitative
analysis. In particular, the increase of the amplitude,
the temporal shift of the shock front, and a cuspidal
shape of the positive and negative peaks of the in-plane
surface velocity result from the nonlocal nonlinearity.

Nevertheless, it can be seen that the SAW pulse compression effect takes place even when ε2 = ε3 = 0.
Therefore qualitative conclusions can also be derived
from the known properties of the solutions of Burgers equation. Specifically, let us consider the in-plane
components shown in Fig. 1(b). It is known for solutions of Burgers equation that a point of the pulse
profile with the medium velocity ν propagates (before the shock front was formed) with the velocity
cR + ε1ν [10]. Thus, for a negative portion of the pulse
and a positive parameter ε1 (as we have for aluminum)
the propagation velocity is lower than cR . For a positive portion of the pulse the propagation velocity is
higher than cR . Thus, positive and negative peaks of
the pulse profile approach each other during the pulse
propagation forming a steep shock front in the in-plane
surface velocity and corresponding narrow negative
peak in the normal surface velocity.
A qualitatively different behavior was observed in
fused quartz (Herasil) [7,8], which has negative value
of the parameter of the local nonlinearity, ε1 ≈ −1.
In this material positive and negative peaks of the inplane velocity waveform of a high-amplitude SAW
pulse move away from each other and, consequently,
two shock fronts, one in the head and another in the
tail of the SAW pulse can be formed in this case.
The compression of the SAW pulse corresponds
to frequency up-conversion processes resulting in
an increase of the spectral amplitudes in the highfrequency domain. In polycrystalline metals highfrequency spectral components experience a rather
strong attenuation. In materials with small attenuation
of SAWs such frequency up-conversion can be used to
advance the spectral content into gigahertz and even
terrahertz frequency ranges.
The observed property of the nonlinear compression
of high-amplitude SAW pulses is not unique for polycrystalline aluminum. We observed a similar effect in
polycrystalline copper (Fig. 3). The SAW pulses have
the following parameters: at x1 = 6.7 mm the values
are ν1 = 7.5 m/s, M1 = 3.5 × 10−3 , νn1 = 14 m/s,
Mn1 = 6.5 × 10−3, and at x2 = 19.9 mm the values are
ν2 = 8.5 m/s, M2 = 4.0 × 10−3 , νn2 = 15 m/s, Mn2 =
7.0 × 10−3 . In Fig. 3 the solid line shows the result
of a numerical simulation with the nonlinear acoustic
parameters ε1 = 1.0, ε2 = −0.98, ε3 = 4.1, evaluated
from the elastic moduli of the third order [11]. The values of other parameters used for copper are γ = 1.57,
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pulses. Good agreement was obtained with model calculations based on the nonlinear evolution equation
with three nonlinear acoustic constants that were determined from the third-order elastic moduli.
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