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Abstract.
Using density functional theory, a jellium model for the C60
molecule and a pseudopotential for the magnesium ion, we determined the
energetics of the magnesium endohedral complex as a function of the magnesium ion’s displacement from the fullerene’s centre. The resulting Kohn–Sham
equation is solved in cylindrical coordinates. Our calculation shows that the
magnesium ion will reside in a very shallow energy minimium about 1 Å oﬀ
centre. By computing the photoabsorption cross-section, or the imaginary part
of the dynamic polarizability, we can correlate the displacement of the magnesium ion with a peak shift in the photoabsorption cross-section. This suggests
that the location of the magnesium ion inside C60 can be determined experimentally by observing the optical response of the endohedral complex.

1.

Introduction
Endohedral fullerenes are compounds with unique structure [1, 2]. Carbon
atoms in these compounds form a cage enclosing an atom, insulating it from the
environment and at the same time modifying its properties. Figure 1 depicts
endohedral and exohedral metalofullerene complexes and lists some of their basic
properties. The endohedral system, which is the subject of this paper, has the
metal atom inside the carbon cage. In the exohedral system, the metal atom resides
on the cage itself. The chemical and optical properties of the fullerene are also
altered by the presence of the atom. This remarkable mutual interaction is of great
fundamental interest and endohedral fullerenes have been elevated to the status of
super atoms [3]. It is believed that endohedral fullerene compounds, after having
been well studied, will provide numerous applications ranging from superconducting materials to biological markers in magnetic resonance imaging [1]. The
interaction of these natural nanostructures with optical radiation and their long
time storage in an ion trap [4] opens up novel spectroscopies of large molecules
ﬂoating in free space, including the possibility of resonance excitation transfer
from an endohedral to an exohedral complex. In particular the optical spectrum of
gaseous endohedral fullerenes promises narrow and distinct transitions. In the
past, the magnesium ion has been a test case for many questions concerning the
interaction of light with materials [5, 6] due to its simple structure and intense
resonance lines. Therefore, it was decided to use magnesium as an initial probe for
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Figure 1.

C60 properties:
Radius
Thickness of e- shell
Ionization potential
Electron affinity

3.52Å
~2Å
7.54eV
2.71eV

Mg properties:
Radius (Mg)
1.72Å
Radius (Mg+)
0.82Å
0.66Å
Radius (Mg2+)
Ionization potential(Mg)
7.64eV
Ionization potential (Mg+)
15.03eV

Compilation of basic properties of endohedral and exohedral metallofullerene
complexes.

the study of endohedral fullerene interactions [4]. Large clouds of magnesium
fullerene complexes have been trapped for long periods of time (many hours) so
that all excitations have had time to relax to their lowest states. Both pure
endohedral and pure exohedral gaseous magnesium fullerene complexes have
been produced by changing the collisional production conditions [7]. This
continuing work is motivated by several considerations. First, there is the question
of determining the location of the magnesium ion inside the fullerene. Second,
possible quantum electrodynamics (QED) eﬀects need to be veriﬁed in a novel
region, where the wavelength is much larger than the fullerene cavity. Third, the
results of photo-ionization and photo-fragmentation experiments [8–10] must be
extended by studying optical excitations between well-deﬁned internal states, such
as low initial and highly excited ﬁnal states.
Current optical experiments have the potential to observe the location of the
entrapped atom. This location depends on the particular endohedral atom studied,
and ranges from being ﬁxed at the centre to signiﬁcantly oﬀ centre [11–14]. The
theoretical determination of this geometric structure involves the minimization
of the total energy of a many-electron system. Density functional (DF) theory
[15, 16], speciﬁcally in the local density approximation (LDA) has been widely
applied (with well-known shortcomings) to large non-uniform electronic systems.
For some molecules and especially clusters [17] the spherical symmetric DFT
has given results in good agreement with experimental data. In this theoretical
work, we have implemented a newly developed response algorithm [18] for solving
the Kohn–Sham equation in non-spherical geometry, allowing us to directly
determine the energetics of an endohedral complex as a function of the oﬀ-centre
displacement of the enclosed ion.
In an early restricted Hartree–Fock calculation of Cioslowski and Fleischmann
[12], the second derivative of the total energy with respect to enclosed ion’s
displacement at the origin has been found to be small but negative for F, Naþ
and Mgþþ, suggesting that for these ions, the fullerene centre is an unstable
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equilibrium point. A later calculation by Schmid et al. [14] comﬁrmed that Naþ is
indeed oﬀ-centre, for about 0.6 to 0.7 Å. In this work, we study the structure and

optical response of the endohedral complex Mg@Cþ
60 , Mg@C60 and Mg@C60 .
Since the caged ion’s oﬀ-centre displacement is expected to be small, it should
not be sensitive to the discrete ionic character of the C60 shell far away. Thus it
is adequate for our purpose to use a jellium model of C60 [19] in our DFT
calculation. By solving for the full spectrum of the axial symmetric Kohn–Sham
equation in 2D, we not only can determine the entrapped atom’s equilibrium
location, but also its eﬀect on the complex’s photoabsorption cross-section. One
key ﬁnding of our work is that a discrete absorption peak will shift toward higher
energy as the entrapped atom moves oﬀ centre, suggesting the possibility of
experimentally determing the entrapped atom’s location by monitoring the
endohedral complex’s optical response.
In the next two sections, we brieﬂy summarize essential elements of DFT and
our magnesium pseudopotential. In section 4, we describe our axial symmetric
calculation. In section 5 we discuss our results on the magnesium ion’s delocalization, the conspicuous energy shift of the 3s state as a function of the ion’s
position, and the corrresponding shift of a resonance peak in the photoabsorption
cross-section. Conclusions are presented in section 6.

2.

Density functional calculation
Central to the execution of density functional theory is the solution of the
Kohn–Sham (KS) equation for a set of single-particle wavefunctions i ðrÞ
characterized by a set of quantum numbers i:


~2 2
r
2m

i ðrÞ

þ VH ½ðrÞ i ðrÞ ¼ "i

i ðrÞ:

ð1Þ

The eﬀective one-body (‘Hartree’) potential VH ðrÞ, given by
VH ðrÞ ¼ Vext ðrÞ þ VC ðrÞ þ Vxc ðrÞ

ð2Þ

describes both the inﬂuence of an external ﬁeld (typically the positive ions) and
many-body interactions. It depends implicitly on the density of the system: Vext ðrÞ
is the external ﬁeld, VC ðrÞ is the Coulomb potential
ð
e2
½ðr0 Þ  þ ðr0 Þ,
ð3Þ
VC ðrÞ ¼ d3 r0
jr  r0 j
and Vxc ðrÞ is the ‘exchange-correlation’ correction. þ ðr0 Þ is the charge density of
the positive background.
From the single-particle wave functions i ðrÞ one constructs the physical
one-body density
X

2
nðiÞ  i ðrÞ ;
ð4Þ
ðrÞ ¼
i

the n(i) are the occupation numbers of the single-particle states.
To describe the C60 molecule within a jellium model, we followed the work
of Puska and Nieminen [19] and approximated the discrete ionic charges by a
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uniform, positve spherical shell charge density
(
R
R
nþ ðrÞ ¼ n0 , when R  2  r  R þ 2 ,
0, elsewhere:

ð5Þ

The thickness R of the shell is determined by requiring charge neutrality of the
undoped neutral cluster with 240 electrons. The positive background density was
chosen, following [19] to correspond to an rs value of 1.2. From this, the shell
thickness comes out to be approximately 3 au. To correct for this simple approximation, we also adopted Puska and Nieminen’s strategy of adding an additional
potential vps(r) inside the jellium density shell,
(
R
R
ð6Þ
vps ðrÞ ¼ v0 , when R  2  r  R þ 2 ,
0,
elsewhere,
with v0 ¼ 1.4 Ryd. One reﬁnement that we have implemented over [19] is that
we have correctly 240 conduction electrons (instead of the closed shell value of
250). The last shell is then only partially ﬁlled; we achieve stability for this
conﬁguration by giving the electrons a small artiﬁcial temperature of 0.07 eV. We
have veriﬁed that the results are insensitive to that ‘temperature’ down to 108 eV.
As noted by Puska and Nieminen, this jellium model gives a rather good
description of the lowest four dipole-allowed optical transitions. Four strong
absorption bands are observed with peaks at 3.0, 3.6, 4.7 and 5.7 eV for both
solid C60 ﬁlm and C60 in solution [20]. The four lowest dipole transitions in
our jellium model are at 3.2, 3.7, 4.9 and 5.3 eV respectively.
The icosahedral symmetry of C60 can be included and treated as a perturbation
[21]. However, as we will see, the state that is strongly aﬀected by our oﬀ-centre
ion is the 3s state. Such a state will not be greatly aﬀected by the high-order
icosahedral symmetry.

3.

Magnesium ion pseudopotential
In contrast to earlier works [12–14], which only use the bare charge potential to
describe the ions, we describe the conduction electrons’ interaction with the Mgþþ
closed shell core by a local pseudo-potential of the form (in au)
2
exp ðkrÞ
Vext ðrÞ ¼  þ a
r
r

ð7Þ

with a ¼ 20.657 and k ¼ 2.5501. At large r, the electrons see the net charge of the
Mgþþ. Closer in, more of the nuclear charge of the ion is unscreened by its closeshell core electrons. The resulting low-lying spectrum for Mgþ is compared with
the experimental spectrum in table 1. With the exception of states 3d and 3f, this
Table 1. The computed spectrum of Mgþ using our pseudopotential. The energies are
in eV. The experimental values are converted from cm1 to eV from [22].
Conﬁg.
Cal.
Expt.

3s

4s

5s

6s

3p

4p

5p

6p

3d

4d

5d

4f

5f

15.03 6.46 3.57 2.26 10.50 5.01 2.94 1.93 5.91 3.33 2.13 3.40 2.17
15.03 6.38 3.53 2.24 10.60 5.04 2.95 1.94 6.17 3.46 2.21 3.40 2.18
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pseudo-potential gives a fairly accurate representation of the low-lying spectrum
of Mgþ and is superior to just the bare charge description.

4.

Computational approach
To examine the delocalization of the magnesium ion, we must solve the Kohn–
Sham equation in an axially symmetric geometry. The Mgþþ ion is assumed to be
located on the z axis. The most straightforward approach is to solve the KS
equation directly in cylindrical coordinates. In this geometry, the single particle
wavefunctions are of the form
i ðrÞ

¼ r1=2 um, n ðr, zÞ exp ðimÞ,

with the radial functions um,n(r, z) determined by the 2D KS equation


~2
d2
d2 4m  1
 2 2þ
umn, ðr, zÞ þ VH ðr, zÞum, n ðr, zÞ ¼ "m, n um, n ðr, zÞ:
4r2
2
dz
dr

ð8Þ

ð9Þ

Here, i ¼ {n, m} denotes the pair of principal and azimuthal quantum numbers n
and m, and  is the reduced mass. We solved equation (9) by discretizing the
derivative operators and applied standard matrix eigenvalue methods. Some care
must be exercised in the discretization of the second derivative in the radial
direction to take care of the non-analytic character of the radial functions. Solving
the two-dimensional Schrödinger equation for the lowest few states is then nontrivial, but still feasible with conventional numerical methods. To obtain an initial
approximation for the eigenstates, we ﬁrst solve the eigenvalue equation on a
coarse mesh, using conventional LAPACK routines. We then improve the solution
by inverse iterations on a mesh with grid size of 0.1 au, with 180 mesh points in
each r and z direction.
The second part of the problem is the self-consistent determination of the
eﬀective potential VH(r). For that purpose, we have used a recently developed [18]
algorithm that displays robust convergence properties.
As a consistency test, we have independently solved the KS equation in the
spherically symmetric cases for the undoped fullerenes and cases where the Mgþþ
ion is ﬁxed at the centre of the fullerene. The simpler spherical geometry allows for
a more accurate numerical treatment, not just because larger meshes and ﬁner
discretizations are possible with an eﬀectively one-dimensional calculation, but
also because spherical coordinates match the physical geometry better. The
agreement between the two calculations is typically at the percent level. For
example, we obtain, for the neutral, undoped cluster in the spherically symmetric
calculation a correlation energy of 8.88 eV per particle, and in the cylindrical
symmetry 8.91 eV.

5. Results
5.1. Structure
We will ﬁrst determine the equilibrium location of the magnesium ion. Figure 2
shows the diﬀerence between the ground state energy in LDA for the endohedral
system as a function of the displacement coordinate z of the Mgþþ ion from the
fullerene’s centre. The net charge of the Mg@C60 complex is þ1, 0 and 1,
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respectively, corresponding to a total electron number N ¼ 241, 242 and 243. We
wanted to see whether adding or removing an electron will signiﬁcantly change the
charge distribution of the system. Within the framework of our stated calculation,
for all three charge conﬁgurations, we observed a shallow energy minimum of
about 0.6 eV when the Mgþþ ion is displaced 2 au oﬀ the centre. This small energy
diﬀerence is about one part in 104 of the total energy of the system. While DFT
cannot claim absolute energy accuracy on this scale, we believe that since we are
computing energy diﬀerence between two locations, this relative energy diﬀerence
can be reliable. The calculation suggests that the Mgþþ ion will be easily
delocalized from the fullerene’s centre. Figure 2 also shows that there is very
little change of the energetics as a function of the total charge—which indicates
that the Mg ion inside the fullerene cage remains fully ionized.
Figure 3 show surface plots of the electron density of the compound system as a
function of the magnesium ion delocalization. As it is intuitively evident, since the
fullerene is hollow, a small displacement of the ion from the centre has little eﬀect
on the electron shell density; at z ¼ 3.0 au we only see a small wrinkle in the
electron density. Only when the Mgþþ ion is within the fullerene shell do we see a
noticeable change in the electron density. (This is of course, an energetically
unfavourable conﬁguration.) In all cases where the ion is at the centre, charged
and uncharged, we found no signiﬁcant electron density in the vicinity of the
Mgþþ ion, suggesting that the Mg ion inside the fullerene cage remains doubly
ionized. (See our above comment in connection with ﬁgure 2.)
To gain some insights into various situations, we show for the spherically
symmetric case, the resulting self-consistent potential VH(r), equation (2), for both
undoped and doped, neutral and charged systems in ﬁgure 4. One observes that a
global charge change of the system produces only an up- or down-shift of the shell
potential. Near the centre, the Mgþþ ion is far from the C60 cage and has little
eﬀect on this self-consistent electronic potential.
4
N=241
N=242
N=243

[E(z) − E(0)] (eV)

3
2
1
0
1

0

1

2
z (a.u.)

3

4

Figure 2. The energy diﬀerence between the displaced and centred Mgþþ ion as a
function of the oﬀ-centre displacement z, for singly positive (N ¼ 241), neutral
(N ¼ 242) and singly negative charged (N ¼ 243) endohedral systems. The energy
minimum is about 0.6 eV below the on-centre energy at z ¼ 0.
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Figure 3. The electron density of a neutral endohedral fullerene with the Mgþþ ion
z ¼ 3 au (upper ﬁgure) and at z ¼ 6 au (lower ﬁgure). The eﬀect of the Mg ion is only
a minute ripple even at z ¼ 3 au.

5.2. Single particle energies
Figure 5 shows the single-particle energies of bound states for both the doped
and the undoped fullerenes. These spectra are labelled as in calculations with
cylindrically symmetric geometry, i.e. the states are characterized by a principle
quantum number n and an azimuthal quantum number m. Including the spindegeneracy, states for m ¼ 0 are doubly occupied whereas states for m 6¼ 0 have
quadruple occupation. Since the geometry is in fact spherical, the degeneracy is
actually higher; from the multiplicity of each eigenvalue one can read oﬀ the
orbital angular momentum for each state. For very high lying states, the degeneracy for diﬀerent values of m is not exact; this is just a numerical artefact coming
from the cylindrical discretization box. Of course, one can verify the accuracy of
the calculation by comparing with an independent solution of the KS equation in
spherical geometry.

M. Aichinger et al.

2698
10

10
undoped

0

doped
0

3s

2s
-20

-30

VH(r) (eV)

VH(r) (eV)

3s
-10

-10
2s
-20

-30
1s

-40

-50

1s
-40

0

2

4

6

8 10 12 14 16
r (a.u.)

-50

0

2

4

6

8 10 12 14 16
r (a.u.)

Figure 4. The self-consistent potential VH(r) for the undoped (left ﬁgure) and doped
(right ﬁgure) fullerenes with total charge þ2, þ1, 0, 1 and 2 (from top to bottom).
Clearly visible in the right ﬁgure is the repulsive core and the attractive well of the
Mgþþ pseudopotential. The grey-shaded areas are the regimes between VH(r) and the
Fermi energy of the (undoped or doped) endohedral complex. The three heavy
horizontal lines are the energies of the 1s, 2s and 3s electrons in this system. Only the
3s state is signiﬁcantly aﬀected by the introduction of the Mg ion.
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Figure 5. The bound state single-particle spectrum "n,m for an undoped fullerene (left
ﬁgure) and for a fullerene doped with a Mgþþ impurity at the centre (right ﬁgure).
Note the degeneracy of the states for diﬀerent azimuthal quantum number m. Note
also the shift of the 3s state (pointed to by arrows) between the doped and the
undoped case. The grey-shaded area identiﬁes the occupied states.
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The two spectra are almost identical, particularly for the occupied orbitals,
which lie in the grey-shaded areas in ﬁgure 5. The most interesting feature of the
doped fullerene is the proximity of the 3s state to the Fermi energy. By doping the
fullerene, the 3s state is lowered from 1.5 to 7.36 eV. There is also a visible shift
in the 3p state from 0.67 to 3.0 eV, but these states are already very loosely
bound. The identiﬁcation of these states as s states stems, in cylindrical geometry,
from the degeneracy as seen in ﬁgure 5. Figure 6 shows the wavefunctions for the
1s, 2s and 3s state on both the undoped and the doped system. Evidently, the 1s
wave functions are almost identical, and the 2s wave functions remain very similar
in both cases. The 3s wave functions diﬀer signiﬁcantly for a very understandable
reason. Whereas this state describes, in the undoped system, an electron that is free
to move through out the cage, in the doped case, it is mostly bound to the Mgþþ
ion. The additional binding is evidently due to the attractive portion of the Mgþþ
pseudopotential.
Since the lowering of the 3s state is the most pronounced feature of doping, it is
interesting to see how this state changes relative to the other states as a function of
the oﬀ-centre displacement of the Mgþþ ion. Figure 7 shows the development of
the individual states as a function of the Mgþþ location. As the Mgþþ ion moves
oﬀ-centre, the degeneracy of the L ¼ 5 state close to the 3s state is broken, but this
degeneracy breaking is quite small compared to the shift of the 3s state.
The reason behind this is that when the ion moves oﬀ-centre, it must drag the
3s wave function oﬀ-centre with it. Since the 3s electron is repelled by electrons in
the shell, it will be squeezed between the ion and the fullerene shell and its kinetic
energy goes up. Only a wavefunction that is strongly dragged by the ion will be
aﬀected; this explains why only the 3s state is shifted signiﬁcantly. Finally, when
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Figure 6. The 1s, 2s and 3s wave function for an undoped fullerene (left ﬁgure, solid lines,
arbitrary scale) and for a fullerene doped with a Mgþþ impurity at the centre (right
ﬁgure, solid lines, arbitrary scale). Also shown for comparison is the self-consistent
potential VH(r) (dashed lines, left scale). The grey-shaded areas indicates the range of
the jellium background.
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Figure 7. The change in the energy of the 3s state (solid line with þ markers) as well as the
‘ ¼ 5 states (dashed lines with  markers) as a function of the displacement z of the
Mgþþ ion from the centre of the fullerene cage. The lifting of degeneracy as the ion
moves oﬀ-centre is clearly visible.

the Mgþþ approaches the fullerene shell, the weakly bound electron begins to feel
the Pauli exclusion of the other electrons, and is ‘squeezed’ oﬀ the Mgþþ ion.
5.3. Polarizability and photoabsorption cross-section
The excitations of the endohedral system can be directly observed in the
photoabsorption cross section. To calculate the latter, we apply the standard
method of time-dependent density functional theory [19, 23, 24]. The photoabsorption cross-section (!) is obtained from the frequency-dependent, complex
polarizability (!) through
!
ð!Þ ¼ 4 = mð!Þ,
c

ð10Þ

where [24]
ð!Þ ¼ e

2

ð

d3 r d3 r0 zðr, r0 ; !Þz0

ð11Þ

The structure and optical response of gaseous endohedral Mg@C60

2701

and ðr, r0 ; !Þ is the density–density response function. In the random-phase
approximation, the response function is determined by the intergal equation
ð
ðr, r0 ; !Þ  d3 r1 d3 r2 0 ðr, r1 ; !ÞVph ðr1 , r2 Þðr2 , r0 ; !Þ ¼ 0 ðr, r0 ; !Þ,
ð12Þ
where 0 ðr, r0 ; !Þ is the density–density response function of non-interacting
electrons in the potential VH ðrÞ given by [25]


X
1
1

 0
0
ðrÞ
ðrÞ
0 ðr, r0 ; !Þ ¼

p
h
p ðr Þ h ðr Þ:
~!

"
~!
þ
"
þ
"
þ
i

"

i
p
h
p
h
ph
ð13Þ
Here, we label the occupied (‘hole’) states as ‘h’ and the unoccupied (‘particle’) states
as ‘p’. Vph ðr, r0 Þ is the ‘particle–hole interaction’. In the simple local density
approximation it is just the bare Coulomb potential plus a contact interaction,

e2
dvxc ½
0
þ
ðr  r0 Þ:
ð14Þ
Vph ðr, r Þ ¼
d ¼ðrÞ
jr  r0 j
We begin our calculations of the density–density response function with the
spherically symmetric case. In this case, we can expand the density–density
response function in spherical harmonics
X
 ^0
ðr, r0 ; !Þ ¼
‘ ðr, r0 ; !ÞY‘m ðr^ ÞY‘m
ðr Þ
ð15Þ
‘, m

and obtain
ð!Þ ¼ 

ð
4p 2
3
e dr dr0 r3 r0 1 ðr, r0 , ; !Þ:
3

ð16Þ

Although equation (13) sums over all particle states, it is well known that the
free density–density response function can be calculated from the occupied states
alone plus a Green’s function [23, 24]. In this work, we have directly summed over
particle states using equation (13). The continuum states can be simply generated
by solving the KS equation in a huge box, with a ﬁnite imaginary part in the
frequency which is comparable to the level spacing in that box. A radius of 1000 a0
is suﬃcient, but even going to 4000 a0 is not a computational problem, yielding an
energy resolution of 0.02 eV. The advantage of this procedure is that the ﬁrst two
sum rules for 0 ðr, r0 ; !Þ are exactly satisﬁed for any discretization, as a consequence of the completeness and closure relation of the solutions of the discretized
Kohn–Sham equation; it is also easily implementable and tested.
For photoabsorption, the frequency interval of interest is between 0 and 10 eV.
This is because a prime signature of the endohedral magnesium ion is the
transition from the 3s state at 7.36 eV to the 2p state at 16.35 eV, with an
energy diﬀerence of 8.99 eV. This transition is in the continuum, with energies
above the chemical potential, but it is still a discrete state because the channel
continuum for the s–p state transition starts at 16.35 eV þ eF  32.3 eV, i.e. it will
be seen as a discrete excitation within a contimuum.
The only other two low-energy transitions are one from ðn ¼ 2, ‘ ¼ 5Þ to
ðn ¼ 1, ‘ ¼ 4Þ at E ¼ 3.2 eV and from (n ¼ 1, ‘ ¼ 10Þ to ðn ¼ 1, ‘ ¼ 9Þ at
E ¼ 5.3 eV. These transitions are between electronic states of the fullerene cage
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and are very similar whether or not there is an entrapped atom. We therefore
restrict our discussion only to the interval between 8 and 10 eV, the results in other
energy regimes are expected and found to be similar to those of [19].
Figure 8 shows the imaginary part of the frequency-dependent polarizability
(!) for both doped and undoped fullerenes in the energy regime from 8.0 to
10 eV. The doped fullerene displays a peak at an energy of 8.8 eV, which compares
well with the energy of the transition from the 3s to the 2p state. No such peak
is seen in the undoped case.
It is very fortunate that in our system, only one state, the 3s state, is strongly
coupled to the magnesium ion. Thus, as the ion moves oﬀ-centre only the energy
of the 3s state is signiﬁcantly raised. Therefore even without directly computing
the oﬀ-centre dynamic polarizability, one can infer that the resonance peak initially
at 8.8 eV will simply move higher in energy. According to ﬁgure 2, the ion can
easily move oﬀ-center by 3 au, causing the 3s state to rise and the resonance peak
to shift by 2 eV (see ﬁgure 7). The resonance peak will be accompanied by side
bands [13] due to the vibrational motion of the ion about its minimum. This detail
is not considered here.

6.

Summary
In this work, we have computed the oﬀ-centre dyanmics and optical response
of an endohedral fullerene complex containing a Mg ion. The key ﬁndings of our
work are that: (1) the energetically favoured location of the Mgþþ is oﬀ centre, by
about 1 Å. This is an important piece of structural information. This delocalization
eﬀect reduces the system’s symmetry from spherical to cylindrical and results in
a general splitting of any (2L þ 1)-fold degenerate state into L þ 1 distinct levels.
This is illustrated for the case of L ¼ 5 in ﬁgure 7. The magnitude of these
splittings is generally small; we have not considered in any detail their experimental consequences. (2) Only one state, the 3s state, is signiﬁcantly raised in
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Figure 8. The imaginary part of the frequency-dependent polarizability (!). The doped
fullerene (solid line) displays a pronounced peak at an energy of 8.8 eV, which
compares well with the energy of the transition from the 3s to the 2p state. No such
peak is seen in the undoped case (dashed lines). For clarity, we do not show other
transition peaks which are similar and common to both the doped and undoped case.
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energy by the presence of the Mg ion. By computing the imaginary part of the
dynamic polarizability, we show that this results in a resonance peak which
corresponds to the 2p–3s transition at 8.8 eV or 140 nm. This peak is not present
for undoped fullerenes. (3) As the Mgþþ ion is displaced oﬀ-centre, the 3s state
will rise in energy and produce an absorption peak shifting toward higher energy.
Thus in our calculation this resonance peak tracks the location of the Mgþþ ion.
It is of great experimental interest to see whether this can be observed.
At present the multiphoton ionization of exohedral MgCþ
60 using continuous-wave (cw) single mode lasers has been measured [7]. Since ionization is a multiphoton process with an order determined by the number of photons required by
the ionization potential, experimentally, one expects to observe a narrow twophoton peak and a broad multi-photon feature. In addition after absorption and
excitation, also fragmentation by emission of C2 molecules, and delayed metastable
fragmentation indicative of high excitations of the parent endohedral complex
should occur. We plan to extend these studies to endohedral Mg@Cþ
60 so that the
detailed scenario of optical response suggested by the present calculation can be
tested.
It is well known, and documented in the work of [19], that the jellium model
misses a number of the ﬁner details of the C60 structure. We believe that the
generic eﬀect that we are describing is not aﬀected by these shortcomings of the
jellium model: our main conclusion is that there is a low-lying dipole resonance
between the 2p orbital and the fullerene and the 3s orbital which is, in the doped
case, a state where the electron is bound to the endohedral Mg ion (an experimentally known quantity) and whose energy is close to the Fermi energy of the
fullerene (whose energy is also experimentally known). Both, the 3s and the 2p
state are states of high angular symmetry which should be only weakly aﬀected by
the high multipole icosahedral structure of the discrete ions. Our prediction is that
the energy of this resonance should go up as the Mg ion is displaced from the
centre location.
Our work should stimulate further examination of the eﬀect in more
sophisticated models. A full coordinate-space calculation along the line of Yabana
and Bertsch [26] would be a welcome improvement. However, it should be noted
that that work uses a mesh of only 42 691 points at a grid size of 0.6 au. Such a grid
size is insuﬃcient for an accurate numerical treatment of the eﬀect described here;
this can be inferred simply from looking at the Mgþþ pseudopotential and the
steep electron density shown in ﬁgure 4 ða). Our experience suggests that a reliable
calculation would at least require a grid size of 0.1 au with 1283 mesh points.
This would need 2 Gigabyte of memory just to store the 120 wave functions and
correspondingly, signiﬁcant additional computational resources. Until such a
calculation has been completed, our simpliﬁed calculation, based on the jellium
model, which predicted the eﬀect, is justiﬁed and appropriate.
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