The Lorentz Velocity Transformations

defining velocities as: u, = dx/dt, u, = dy/dt,
u ,=dx’/dt’, etc. it is easily shown that:

) dx  y(dx'+vdt)  u' +v
Yodt yldt'+(vic*)dx'l| 1+@/c*u',

With similar relations for u, and u,.

u U

u,= YR u, = T
y[1+(v/c u_ ] y[1+(v/c Y, ]




The Lorentz Velocity Transformations

In addition to the previous relations, the Lorentz
velocity transformations foru’,, u’,, and u", can
be obtained by switching primed and unprimed and

changing v to —v: ' U, —v
U =
. (v/cz)ux

— uy
- y[l —(v/cz)ux]

U

u' = e
© y[l—(v/cz)ux]




The Lorentz Velocity Transformations: an
object moves with the speed of light

u’ w— C (Iight or, if neutrinos are massless, they must travel at the speed of light)

U'y+V C+V Ca+//)

1+Vi// 1+/// 1+//




Problems: Time dilation,length contraction
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2.9: Spacetime

= When describing events in relativity, it is convenient to
represent events on a spacetime diagram.

= In this diagram one spatial coordinate X, to specify
position, is used and instead of time t, ct is used as the
other coordinate so that both coordinates will have
dimensions of length.

= Spacetime diagrams were first used by H. Minkowski in
1908 and are often called Minkowski diagrams. Paths
In Minkowski spacetime are called worldlines.




Spacetime Diagram
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Particular Worldlines

ct

Spaceship -

Light signal




Worldlines and Time Synchronize clocks by sending a
ct light signal from a position halfway
between them




I\/Ioving Clocks If the corresponding x’ position where the light flashes is
on K’ ,then the arrival times will not be simultaneous in K

ct
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The Light Cone
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Invariant Quantities: The Spacetime
Interval

Since all observers “see” the same speed of
light, then all observers, regardless of their
velocities, must see spherical wave fronts.

A

N/

s2=x2-¢c22 = (x')2-c?

(') =(s')




Spacetime Invariants

= If we consider two events, we can determine
the quantity As? between the two events, and
we find that it Is invariant in any inertial
frame. The quantity As Is known as the
spacetime interval between two events.




Spacetime diagrams Cor fWo events

lightlines (Xl’tl)’ (Xz,tz);AX =X, — Xl;At — '[2 _tl

/

Future you
can‘t influence

Future you can influence

Spacetime interval

st As® = AX® — (CAt)?

b _—

Past which can't \‘u\ Past which can't
As? =0 lightlike

Future you
can't influence

influence you (yet) “., influence you (yet)
"

Time

ra "
Past which can influence you

S AS®° >0  spacelike
Causality: cause-and-effect relations
: 2 g2 2 2 2 _ _
Invariant: S°=X"+Yy°+2z° —(ct) AS® <(Q timelike

Courtesy: Wikimedia Commons and John Walker



Spacetime Invariants

There are three possibilities for the invariant quantity As?:

1) As? = 0: Ax? = c? At?, and the two events can be connected
only by a light signal. The events are said to have a lightlike
separation.

2) As? > 0: Ax?> c? At?, and no signal can travel fast enough to
connect the two events. The events are not causally
connected and are said to have a spacelike separation.

3) As? < 0: Ax? < c? At?, and the two events can be causally
connected. The interval is said to be timelike.
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The Twin

Spaceship’s _ 20
speed=0.8c  Paradox In )
Space-Time
EXAMPLE 2.7

12

The twins Frank and Mary sent signals at
annual intervals and count the number g
signals from each other.

10

. Arrival .
Frank sends 20 signals, Mary sends 2 oivans -
. . signals
since her clock runs slower due to time 6
dilation. '

Mary is 8years younger as Frank at return

/ ct (ly)

16

14 A

Frank’s worldline

20 0 Slope of
& world
DER\ 15 lines=c/0.8 c

Mary’s worldline (return)

Arrival of
Frank’s signals

9 Star system
(turnaround)

N

= Frank’s signals

3 1 Mary’s worldline
/ (outbound)
\,
‘{ Mary’s signals
— x (ly)

10



2.10: The Doppler Effect

= The Doppler effect of sound in introductory physics is
represented by an increased frequency of sound as a
source such as a train (with whistle blowing) approaches a
receiver (our eardrum) and a decreased frequency as the
source recedes.

= Also, the same change in sound frequency occurs when
the source is fixed and the receiver is moving. The change
In frequency of the sound wave depends on whether the
source or receiver is moving.

= On first thought it seems that the Doppler effect in sound
violates the principle of relativity, until we realize that there
IS In fact a special frame for sound waves. Sound waves
depend on media such as air, water, or a steel plate in
order to propagate; however, light does not!




Recall the Doppler Effect

(a)

System K

N3

Astronomer

(b)

System K




The Relativistic Doppler Effect

Consider a source of light (for example, a star) and a receiver
(an astronomer) approaching one another with a relative velocity v.

1) Consider the receiver in system K and the light source Iin
system K’ moving toward the receiver with velocity v.

2) The source emits n waves during the time interval T.

3) Because the speed of light is always ¢ and the source Is
moving with velocity v, the total distance between the front and
rear of the wave transmitted during the time interval T is:

Length of wave train = cT - vT




The Relativistic Doppler Effect (con’ t)

Because there are n waves, the wavelength is
given by
¢l —vT

n

A

And the resulting frequency Is

cn
f_cT—vT




The Relativistic Doppler Effect (con’ t)

In this frame: f,=n /T, and T'O:Z
/4
T
Thus: = Sol'ly
cl —vI

1 fo_\/l—v2/02
l-v/c y 1-v/c

Jo




Source and Recelver Approaching

With § = v/ ¢ the resulting frequency is given
by:

%]
™

¥ = fo (source and receiver approaching)

-4




Source and Recelver Receding

In a similar manner, it I1s found that:

1o (source and receiver receding)
1+

\'\
]
TT‘
™[




The Relativistic Doppler Effect (con’ t)

Equations (2.32) and (2.33) can be combined into

one equation if we agree to use a + sign for 5
(+v/c) when the source and receiver are
approaching each other and a — sign for 5 (- v/c)
when they are receding. The final equation

becomes

fg Relativistic Doppler effect (2.34)

S
]
ﬁl:\‘
1™
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EXAMPLE: DOPPLER EFFECT IN FAST ION BEAM PRECISION LASER

SPECTROSCOPY IN COLLINEAR AND ANTI-COLLINEAR GEOMETRIES

Lases
light collimnaari{blusa)

Fc1 Ousadrupoilie Ouartet Lans on Source

el

| ? . 1
xOuadrupole ,%

Quadrupole
Triptot Lons

| 4
ol |

Spharical mirror
}
[J
v

Fed

P e e e

(Another example with the Doppler effect: laser cooling of atoms)

Laser
HBght anticosmsear{red)



Exclusion of relativistic frequency shifts by combining
collinear and anticollinear measurements

_ v[1-Boos(0)]

Frequency of light perceived by a moving ion Vv B=v/c
J1- 2
Laser tuned to resonance; the perceived frequency equals the transition frequency V ' = Vir
. . o 1+/5
Thus, the resonance frequencies for collinear geometry (€=0") V¢ = 1 ,thr
. o /1_ Y,
and for anticollinear geometr — Vae = V
g y (9 180 ) ac 1+ﬁ ir
To obtain the transition frequency we take the product B \/—
and this is an exact relativistic formula! Vir =+/VcVac




Another example with Doppler effect: laser cooling of atoms
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Large 2“Mg* - Mg ion crystal (N~10%)
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Be*-He* mixed crystal: Secular excitation
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lon trap video




Problems: velocity addition
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2 . 6 4 spaceship is moving at a speed of 0.84caway from an
hserver at rest. A boy in the spaceship shoots a pro-

#31 ton gun with protons having a speed of 0.62¢. What is
the speed of the protons measured by the observer at

rest when the gun is shot (a) away from the observer

and (b) toward the observer?

u,'JU’
T vk
CZ
j,QC:C. O.%GC)
¢2c v+ 08t = —— =

Obec 7 = —— .52

(a,) U, = > LO.ézc—)(O'b,‘fC)

oz
._..O,(.,ZC '}’U‘SQ'C— e C_.?Z_Z’-—-—%"S_ ::,2&:{'—(_0—(,/

GJ) Uy = L+ [’O‘Gwco'gq,&) O.G8c

———

L



A proton and an antiproton are moving toward each

2.6 . - |

4239 other in a head-on collision. If each has a speed of
0.8¢ with respect to the collision point, how fast are
they moving with respect to each other:

i . - ! -2
Solution: Use vf/‘z"“‘ﬁ“d addi b om , = LS toilt v =—0.§
] — Ux C
c2 qx'—" O. C?(‘_
O-Lc ""(""085> I J.6< ]

!
e /_____-——-"_"—-—— — e em
L{X (.Cw O Héc

h — {~0.8c¢ £C)




Thank you for your attention!




